A (very short) introduction to buildings 

Brent Everitt* 



These lectures are an informal elementary introduction to buildings. They are written for, and 
by, a non-expert. The aim is to get to the definition of a building and feel that it is an entirely 
natural thing. To maintain the lecture style examples have replaced proofs. The notes at the end 
indicate where these proofs can be found. 

The lectures are a distillation of the first few chapters of the books of Abramenko and Brown 
[AB08 ] and of Ronan [Ron09]. Lecture 1 illustrates all the features of a building in the context 
of an example, but without mentioning any building terminology. In principle anyone could read 
this. Lectures 2-4 firm-up and generalize these specifics: Coxeter groups appear in Lecture 2, 
chambers systems in Lecture 3 and the definition of a building in Lecture 4. Lecture 5 addresses 
where buildings come from by describing the first important example: the spherical building of 
an algebraic group. 



Lecture 1: The flag complex of a vector space 

Let V be a 3-dimensional vector space over a field k. Let A be the graph with vertices the non- 
trivial proper subspaces of V, and an edge connecting the vertices V,- and Vj whenever V/ is a 
subspace of Vj (as at right). 

Figure [Q shows the graph A when k is the field of order two. There ^ ^ 

are seven 1 -dimensional subspaces - illustrated by the white vertices - 
and seven 2-dimensional subspaces (illustrated by the black vertices). 
Each 1 -dimensional space is contained in three 2-dimensional spaces ' C J 

and each 2-dimensional space contains three 1 -dimensional spaces. The duality here might re- 
mind the reader of projective geometry. Call the edges V; C Vj of A chambers. 

Some more structure can be wrung out of this picture: there is an "63 -valued metric", with 
63 the symmetric group, that gives the shortest route(s) through A between any two chambers. 
To see how, suppose c,c' are chambers and we want a shortest route of edges connecting them: 

c = V l CV 2 S, "" U,M m " U ' • c' \ ',' r Vi 

Make c and d as different as possible by assuming that V\ ^ V[, V 2 7^ V 2 ' and V% n V 2 ' is a 
line different from V\,V[. Changing notation, let L\,L 2 ,Lt, be lines with L\ = Vu L3 = V[ and 
L 2 = V 2 n V 2 '. One then gets V 2 = L\ + L 2 and V 2 ' =L 2 + L 3 . 

We get a small piece of A, a local picture containing c,c', as below right. The field k wasn't 
mentioned at all in the previous paragraph, so this is the local picture for A over any field. The 
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global picture however will be more complicated than the simple 
example given in Figure [TJ 

Say that chambers are i-incident when they differ only in the 
j-th position, so V\ C V% D V(, iV\ ^ V[) are a pair of 1 -incident 
chambers and V% D Vi C V 2 , (V 2 ^V^) a pair of 2-incident cham- 
bers. Place the label i on a vertex of the local picture if the two 
chambers meeting at the vertex are /-incident. 

The shortest routes from c to d in the local picture are given by 

s\s%s\ , 

C >■ C 

S2S1S2 

where the route 51*2*1 means cross a 1-labeled vertex, then a 2-labeled vertex and then a 1- 
labeled vertex. Routes are read from left to right, although it obviously doesn't matter with 
the two above. These routes then take values in the symmetric group by letting s\ = (1,2) and 
s 2 = (2,3), so that both 51*2*1 and 52*1*2 give the permutation (1,3) G 63. Define the 63- 
distance between c,c' to be 8(c,d) = (1,3). 

For an arbitrary pair of chambers define 8 (c, c') to be the element of 63 obtained by situating 
the chambers c,d in some local picture and taking the shortest route(s) - see Figure [TJ The 
resulting map 8 : A x A — > 63 can be thought of as a metric on A taking values in ©3. 

We will see in Lecture 4 why this map is well defined and doesn't depend on which local 
picture we choose containing c,c', although an ad-hoc argument shows that an element of S3 
can be associated in a canonical fashion to any pair of chambers. Take the c,c' above and write 

c = CLi C L x +L 2 C V = V C Vi C V 2 C V3 

and d = V ' C • • • C V 3 ' similarly. For each i the filtration Vq C Vi C V% C V3 of V induces a 
filtration of the 1 -dimensional quotient V{/V(_i. 

(v i 'nVo)/v,L l c---c(v i 'nv 3 )/vU. 

Any filtration of a 1 -dimensional space must start with a sequence of trivial subspaces and 
end with a sequence of V-fV-^s. At some point in the middle the filtration jumps from being 
O-dimensional to 1 -dimensional: 

1 VljV[_ x filtration "jump index" j 
"1 T-i C C C L 3 3 

2 (L 2 +L 3 )/L 3 0C0C(L 2 + L 3 )/L 3 C(L 2 + L 3 )/L 3 2 

3 V/L 2 + L 3 0CV/L 2 +L 3 CV/L 2 + L 3 CV/L 2 + L 3 1 
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Defining = j gives % = (1,3) € ©3. Summarizing: 

First rough definition of a building. A building is a set of chambers with /-incidences between 
them, the i coming from some set S, together with a "W-valued metric" for W some group. 

Exercise. Repeat the process with V 4-dimensional and A a 2-dimensional simplicial complex 
having vertices the non-trivial subspaces of V, edges the pairs Vj C Vj and 2-cells the triples 
Vi C Vj C V}t- Show that the local picture is the boundary of a tetrahedron, barycentrically sub- 
divided (the local picture in the previous case was the boundary of a triangle, barycentrically 
subdivided): 





Returning to the running example, the symmetric group S3 is a reflection group, with the 
local picture and the resulting 8 coming from the geometry of these reflections. For suppose 
now that V is a Euclidean space - a real vector space with an inner product. Let vi , V2,V3 be an 
orthonormal basis and let 63 act on V by permuting coordinates: % ■ v, := v„tq for n G ©3, and 
extend this action linearly to all of V. This action is not essential as the vector v = vi + V2 + V3 
is fixed by all % G 63. This can be gotten around by passing to the perp space 

v ± = {lA i v i -|LA ; - = 0}. 

The picture to keep in mind is the following, where v 1 - is translated off the origin to make it 
easier to see: 

V3 





The element si - 
equation x\—X2 



(1,2) acts as shown on the left, and this is the reflection in the plane with 
0. Similarly S2 = (2,3) and (1,3) are reflections in the planes X2—X3 =0 and 



x\ — xi, = 0. These three planes chop v + into a triangle with its boundary barycentrically 
subdivided. So we start to see the local picture from the flag complex coming from the geometry 
of these reflecting hyperplanes. 

Putting v 1 - into the plane of the page decomposes the plane into six infinite wedge-shaped 
regions: 



chambers 




chambers 
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In the theory of reflection groups (Lecture 2) these regions are also called chambers. The cham- 
bers of our local picture are gotten back by intersecting the regions with the sphere S l . 

The ©3-action turns out to be regular on the chambers, i.e. given chambers c,c' there is a 
unique % G 63 with %c = d . This is most easily seen by brute force: fix a "fundamental" cham- 
ber Co and show that the six elements of S3 send it to the six chambers in the decomposition 
above. In particular there is a one-one correspondence between the chambers and the elements 
of 63 given by 71 € S3 -H- chamber kcq. 

This correspondence gives the incidence labelings of the hexagonal local picture: choose the 
fixed chamber Co to be one of the two regions bounded by the reflecting lines for s\ and s%- 
Starting with the edge of the hexagon contained in cq, label its vertices by the corresponding 
reflections as below left: 




Now transfer this labeled edge to the other chambers using the S3-action as in the picture above 
middle; the result is shown above right, where the Vs have become s,-'s. That the two vertices on 
different sides of the same line have opposite labels is because the antipodal map x — x is not 
in the action of S3 on the plane v L . 

Finally, to get the metric 8 observe that if c is some chamber of the local picture and % € S3 
sends cq to c, then % = j (1 . . . Sj k where s,-, are the labels (read from left to right) on 

the vertices crossed in a path in the hexagon from cq to c. So for chambers c\,C2 we have 
5(ci,C2) = %y 1 %2 where c, = K/Cq. For our original c\,C2 we have K\ = s\S2, %2 = s%, hence 
8(c\ ,02) = 52^1*2 as shown in the picture above. 

Second rough definition of building. A building is a set of chambers with /-incidences, the i 
coming from some set S, together with a IV-valued metric 8, for W a reflection group and 8 
arising from the geometry of W. 

In the next three lectures we will make precise (and general) the ideas in this rough definition, 
but working in the reverse order: we start with reflection groups (Lecture 2), then an abstract 
version of chambers and incidences (Lecture 3) and finally W-valued metrics (Lecture 4). 

Lecture 2: Reflection Groups and Coxeter Groups 

Reflection groups arise as the symmetries of familiar geometric objects; Coxeter groups are an 
abstraction of them. This lecture covers the basics. All vector spaces and linear maps here are 
over the reals R. 

Let V be a finite dimensional vector space. A reflection of V is a linear map s : V — > V for 
which there is a decomposition 

V=H S @L S (1) 

where H s is a hyperplane (a codimension 1 subspace); L s is 1 -dimensional; the restriction of s to 
H s is the identity; and the restriction to L s is the map x (->• — x. Thus a reflection fixes pointwise 
a mirror H s , the reflecting hyperplane of s, and acts as multiplication by — 1 in some direction 
(the reflecting line) not lying in the mirror. In particular s is invertible. 

A reflection group W is a subgroup of GL(V) generated by finitely many reflections. 
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Example 1 (orthogonal reflections). The most familiar examples of reflections are the orthogo- 
nal ones for which we further assume that V is a Euclidean space, i.e. is equipped with an inner 
product. Then s is orthogonal if in the decomposition (Q]) the line L s = H^~, the orthogonal com- 
plement. In particular L s , and hence the reflection, is determined 
by the reflecting hyperplane, unlike a general reflection where both 
the hyperplane and the line are needed. 

If s is orthogonal then for any vector v in L s we have S : v i-> — v 
with v 1 - fixed pointwise. Thus an orthogonal reflection s can be 
specified by just a non-zero vector v, as the reflection with H s = v x 
and L s spanned by v. We write s = s v , H s = H v , L s = L v and by 
choosing a sensible basis one gets that an orthogonal reflection is 
an orthogonal map of the Euclidean space. 

Exercise. Let K = {H Vl , . . . , H Vm } be hyperplanes in Euclidean V and W the reflection group 
generated by the orthogonal reflections s Vl ,...,s Vm . Show that if WK = K, i.e. gH Vj = H Vj for 
all g 6 W and all v,, then W is finite (hint: \W\ < (2m)!). It turns out (although this is harder) 
that K then consists of all the reflecting hyperplanes of W. 

Example 2 (a finite reflection group ). Let V be Euclidean with orthonormal basis {vi , . . . , v n+ 1 } 
and K the hyperplanes Hjj := (v, — vj) 1 - for 1 < i ^ j < n + 1 (in other words, Hij is the 
hyperplane with equation Xj —Xj = 0). The reflection * Vj _ v - sends v; — vj to vj — v,, thus swapping 
the vectors v,- and vj. Any other basis vector is orthogonal to v; — vj, so lies in Hij, and is fixed 
by the reflection. Thus if % = (i,j) G <5„+i then s v ^ Vj H H = H K{k) J[ ( ( y 

Now let W be the group generated by the reflections * v ,— v We have just shown that WK = 
K, so W is a finite reflection group by the Exercise above. Indeed, W is the symmetric group 
& n +i acting by permuting coordinates as in Lecture 1. To make this identification we have al- 
ready seen that each s Vi - v ., and so every element of W, permutes the basis vectors {vi , . . . , v„ + i }. 
This gives a homomorphism W — > & n+ \. Injectivity of this homomorphism follows as the v, 
span V and surjectivity as the transpositions (i,j) generate & n+ \. 

The convex hull of the v ( - is the standard ^-simplex, barycentrically subdivided by its n(n — 1) 
hyperplanes of reflectional symmetry, each of which is a reflecting hyperplane of W. This is the 
picture we had for n = 2 in Lecture 1 (and n = 3 in the Exercise). Finite reflection groups are 
often called spherical as their Coxeter complexes (the boundary of the barycentrically divided 
n-simplex in this case; see Example|7]for the general definition) are spheres. 

Example 3 (An ajfine reflection group). Let V be 2-dimensional and consider reflections ^o^i 
where the reflecting hyperplanes and lines are shown below left (there is no inner product this 
time). The reflecting hyperplanes are different but both have the same reflecting line: L So = L = 
L S1 . UW is the group generated by so^i then W leaves invariant any affine line parallel to L as 
the Si do. But if K = {H So , H Sl } then WK ^ K as soH Sl K. Indeed, we must expand K to the 
infinite set shown below right before it becomes W -invariant: 



SqSiSo Sq S\ SlS S[ 





In fact, by identifying the invariant affine line with the reals, W is isomorphic to the group of 
"affine' reflections" of M in the integers Z, i.e. to the group of transformations of R generated 
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by the maps s n :x^2n — x for ngZ. The element s\Sq acts on the affine line as the translation 
x (->■ a; + 2 so has infinite order. In particular W is infinite. This also follows from 'K being infinite 
as the reflections in the hyperplanes in !K are the W-conjugates of so,si. 

Example 4 (hyperbolic reflections). Let V be 3 -dimensional and again there is no inner product. 
Let a, b, c be real numbers such that a 2 + b 2 > c 2 , and consider the reflection s with reflecting 
hyperplane H s having the equation ax + by — cz = and reflecting line L s spanned by the vector 
v = (a,b,c). Then v lies on the outside of the pair of cones with equation z 2 = x 2 +y 2 and H s 
passes through the interior: 



One can check that s leaves invariant each sheet of the two sheeted hyperboloid with equation 
x 2 + y 2 — z 2 = — 1 - Either sheet is a model for the hyperbolic plane. Intersecting H s with the 
top sheet gives a hyperbola - a straight line of hyperbolic geometry - and s is the "hyperbolic 
reflection" of the plane in this lind3- 

Returning to the finite orthogonal case, let V be Euclidean, = {Hf\i e j a finite set of hy- 
perplanes and W = {si)ieT the group generated by the orthogonal reflections in the Suppose 
also that W"K = 5C, so W is finite and "K is the set of all reflecting hyperplanes of W as in the 
Exercise above. 

For each i G T choose a linear functional a,- G V* with Hi = ker a,. The choice of a, is unique 
upto scalar multiple and H, consists of those v G V with ot, (v) = 0. The two sides (or half-spaces) 
of the hyperplane consist of the v with Of,-(v) > or the v with ce,-(v) < 0. 

Fix an T-tuple e = (£,), e r with £,• G {±1}- Consider the set 



So each CU,-(v) is non-zero and a,(v),£, have the same sign for all i. If this set is non-empty then 
call it a chamber of W. A non-empty set of the form 



Z = xr +y 




x 2 +y 2 -z 2 = -l 



c = c(e) = {v G V | £,-a,-(v) > for all i}. 



(2) 



a = a(e) = {v£V\ CCi (v) = for some /q, and e,-04(v) > for all i 7^ j'q} 



(3) 



is called a panel. Here is the example from Lecture 1 : 




1 Although there is no inner product in Examples [3] and [4] it is possible to endow V with a bilinear form so that 
the reflections are "orthogonal" with respect to this form. 
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where there are three hyperplanes in K and the a, are chosen so that Of,-(v) > for those v on 
the side indicated by the arrow. The chambers are marked by their T-tuples. There are 2 3 = 8 T- 

tuples but only 6 chambers because the tuples + H — and h give empty sets in ©. Extend 

the notation to include panels © by placing a in the /o-th position. There are then 3.2 2 = 12 
such tuples but only 6 give non-empty panels, with two lying on each reflecting line. 

There is an obvious notion of adjacency between chambers suggested by these pictures. Say 
that a is a panel of the chamber c if the corresponding T-tuples are identical except in one 
position where the tuple for a has a 0. It turns out that this can also be defined topologically: a 
is a panel of c exactly when a C c, the closures of these sets with respect to the usual topology 
on V. 

We then say that chambers ci and C2 are adjacent if they share a common panel. In the 
Example from Lecture 1, chambers are adjacent when they share a common edge. 

The adjacency relation can be refined by bringing the reflection group W into the picture. In 
Lecture 1 we saw that 63 acts regularly as a reflection group on the chambers. This turns out 
to be true in general for the W-action on the chambers: given chambers c,c' there is a unique 
g G W with gc = d '. Fix one of the chambers cq. Then the regular action gives that the chambers 
are in one-one correspondence with the elements of W via g G W -B- chamber gco. 

Now let S = {s\ , . . . , s„ } be those reflections in W whose hyperplanes H\ ,...,H n are spanned 
by a panel of the fixed chamber cq. Thus S = {si , S2} for the cq in the example from Lecture 1 : 




Suppose c\,C2 are a pair of adjacent chambers as above right. Then there is a g G W with c\ = 
gco. Translating the picture back to Co we have g~ l ci = cq and g~ l C2 are adjacent chambers, 
and the common panel of c\,c% is sent by g -1 to a common panel of Co and g~ l C2 (these are 
most easily seen using the topological version of adjacency). If s G S is the reflection in the 
hyperplane spanned by the common panel of Co and g~ i C2, then the chamber g~ i C2 is the same 
as the chamber scq. 

Thus ci = gco, C2 = (gs)co, and we have the following more refined description of adjancey: 

the chambers adjacent to the chamber gco are the (gs)co for s G S. (4) 

When 5 = {s\, . . . , s„} we say that chambers gco and gSiCo are /-incident. In our running exam- 
ple, the chambers adjacent to gco are gs\Co and gS2Co, and these are the two that were 1- and 
2-incident to gco in Lecture 1. 

Coxeter groups. We motivate the definition of Coxeter group by quoting two facts, staying 
with the assumptions above where W is generated by orthogonal reflections in finitely many 
hyperplanes IK with WK = IK: 

Fact 1. The group W is generated by the reflections s G S in those hyperplanes spanned by a 
panel of the fixed chamber cq- 
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In our running example we can see a how a proof might work using induction on the "dis- 
tance" of a chamber from cq. If g is an element of W then there is a chamber adjacent to the 
chamber gco that is closer to Co than gco is. If this closer chamber is g'co say, then by (@]) we 
have g = g's for some s G S. Repeat the process until g completely decomposes as a word in the 
s £S. 



Fact 2. With respect to the generators S the group W admits a presentation 



(5) 



where the my G Z- 1 and are such that my = my,-, and my = 1 if and only if i = j (so in particular, 
sf = l). 

If Sj and sj are reflections in W finite, then the element S{Sj has finite order my > 2. So the 
relations in the presentation (0) certainly hold. The content of Fact 2 is that these relations 
suffice. Geometrically, SjSj is a rotation "about" the intersection //, n //, of the corresponding 
hyperplanes. 

In our running example of the action of 63 on 3-dimensional V we have 5 = {^1,^2} with 
of order 3 - a 1/3-turn anticlockwise of the hexagon. The presentation (f5]) of 63 is thus 

(ji,J2 |*i = s\ = (^l^) 3 = 1) with S[ = (1,2), S2 = (2,3) and S1S2 = (1,2,3). 

Here is the promised abstraction of reflection group: a group W is called a Coxeter group if 
it admits a presentation (f5]) with respect to some finite S, where the my £Z-'u {00} satisfy the 
rules following (f5]). To emphasize the dependence of the notion on the choice of generators we 
will write (W,S) for a Coxeter group. q 
We want the new concept to cover all the examples we have seen so 

far in this lecture, including the affine group in Example [3] where the 

element s\So had infinite order. This is why in the definition of Coxeter 
group the conditions on the my are relaxed to allow them to be infinite. «y 
A relation (sjSj)" li j = 1 is omitted from the presentation when my = °°. < ^ > 

There is a standard shorthand for a Coxeter presentation ® called the Coxeter symbol. This 
is a graph with nodes the St G S, and where nodes Si and sj are joined by an edge labeled my if 



m, 



nij 



Mij > 4 



m, 



/ > 4, an unlabeled edge if my = 3 and no edge when my = 2 (as above right). 
The examples from Lecture 1 and Example [3] are then: 




Remark. What is the relationship between the concrete reflection groups defined at the begin- 
ning of this lecture and the abstract Coxeter groups defined at the end? The answer is that the 
Coxeter groups are the discrete reflection groups in the following sense: for a Coxeter group 
(W,S) one can construct a faithful representation (W,S) — > GL(V) for some vector space V, 
where the s G S act on V as reflections. Moreover, the image of (W, S) is a discrete subgroup 
of GLiy). Conversely a reflection group W that is a discrete subgroup of GL(V) is a Coxeter 
group with S some subset of the reflections. In general a (non-discrete) reflection group is not a 
Coxeter group. 
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Lecture 3: Chamber Systems and Coxeter Complexes 



We have seen several examples of sets of chambers with different kinds of incidences between 
them. This lecture introduces the formalization of this idea: chamber systems. 

A chamber system over a finite set / is a set A equipped with equivalence relations ~,, one 
for each i G /. The c G A are the chambers and two chambers are i-incident when c ~, c' . 

The generic picture to keep in mind is on the right where 
chambers are /-incident if they share a common /-labeled edge. 
Thus, Co ~i ci,co ~2 cj, etc. 

A gallery in a chamber system A is a sequence of chambers 



(6) 




. . 4. If / C / then a J -gallery 



with c,_i and cj /^-incident and cj ^ cj + \. The last condition 
is a technicality to help with the accounting. We say that the 
gallery © has type iiia - - • 4, and write cq — ct where / = . 
is a gallery of type ik with the /; G /. 

A subset A' C A of chambers is J -connected when any two c,c' G A' can be joined by a 
/-gallery that is contained in A'. The J -residues of A are the /-connected components and they 
have rank |/|. Thus the chambers themselves are the rank residues. The rank 1 residues are 
the equivalence classes of the equivalence relations ~,- as / runs through /. Call these rank 1 
residues the panels of A. The chamber system itself has rank |/|. 

A morphism a : A — > A' of chamber systems (both over the same set /) is a map of the 
chambers of A to the chambers of A' that preserves /-incidence for all /: if c ~,- c 1 in A then 
a(c) ~, ot(c') in A'. An isomorphism is a bijective morphism whose inverse is also a morphism. 

Example 5. The local picture from Lecture 1 (below left) is a chamber system over / = {1,2}, 
with chambers the edges, and two chambers /-incident when they share a common /-labeled 
vertex. The {/}-residues, or panels, are the pairs of edges having a /-labeled vertex in common; 
in particular each panel contains exactly two chambers and there is a one-one correspondence 
between the panels and the vertices: 




{2}-residue or panel 



13 2 13 2 
13 2 13 2 



The example above right has chambers the 2-simplicies, / = {1,2,3}, and two chambers i- 
incident when they share a common /-labeled edge. The blue 2-simplicies are a {2,3}-residue 
and the gray 2-simplicies a {l}-residue or panel (so again, each panel contains two chambers). 
The six chambers in the rank 2 residue have a single common vertex at their center, and there 
is a one-one correspondence between the rank 2 residues and the vertices; similarly there is a 
one-one correspondence between the panels and the edges. So the chambers are the maximal 
dimensional simplicies and the residues correspond to the lower dimensional ones. We will 
return to this point below. 

Example 6 (flag complexes). Generalizing the example of Lecture 1, let V be an n-dimensional 
vector space over a field k. A (maximal) flag is a sequence of subspaces V\ C ••• C V„_i with 
dimV,- = /. Let A be the chamber system over / = {l,...,n — 1} whose chambers are the flags 
and where 

(Vic-c^-iiy/c-c^) 
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when Vj = Vj for j ^ i, i.e. the flags differ only in the i-th position. The chambers in the panel 
(or {/}-residue) containing V\ C •■• C V n -\ correspond to the 1 -dimensional subspaces of the 
2-dimensional space V, + i/V,_i. If k is finite of order q then each panel thus contains q + 1 
chambers; if k is infinite then each panel contains infinitely many chambers. 

Example 7 (Coxeter complexes). In Lecture 2 we defined chambers, panels and /-incidence for 
a finite reflection group W acting on a Euclidean space: the chambers were in one-one corre- 
spondence with the elements of W via g o gco (cq a fixed fundamental chamber), and gco and 
g'co were /-incident when g' = gSj. 

Now let (W, S) be a Coxeter group with 5 = {sj}j e i. The Coxeter complex Aw is the chamber 
system over / with chambers the elements of W and 

g ~ ; - g if and only if g = gSj in W. (7) 

Thus g gs t and also gst ~,- gSjSj = g. The {/}-panel containing g is thus {g,gSj}, so each panel 
contains exactly two chambers (which can be thought of as lying on either side of the panel). 
This is the picture the geometry was giving us in Lecture 2. A gallery in Aw has the form 

g ~«i gSi } ~; 2 gs h s i2 r ~ ijk g ShSh . .. Sik . 

If / = i\ ii . . . it and s/ = s;, s, 2 . . . Sj k , then there is a gallery g—tf g' in Aw exactly when g' = gs / 
in \V. 

If Si, sj G 5 then starting at the chamber g we can set off in the two directions given by the 
galleries: 

g ~ t g S j ~j gSi s j ~j gSiS jSi ■■■ and g gs j ~j ^5 ; jj ^ ^ ^ y . . . . 
If the order of S{Sj is finite, then )'"'■' = 1 is equivalent to the relation 

SjSjSj ■ • ■ — SjSjSj , 

where there are mij symbols on both sides, so the two galleries above, despite starting out in 
opposite directions, nevertheless end up at the same place: namely the chamber gstSjSi ■■■ = 
gsjSiSj ■■■ . Thus the {/, j}-residues in Aw are circuits containing 2mij chambers when S(Sj has 
finite order. If the order is not finite then the residue is an infinitely long line of chambers 
stretching in "both directions" from g. The two Coxeter groups from the end of Lecture 2 have 
Coxeter complexes illustrating both these phenomena: 




Aside. In all our pictures of chamber systems, the chambers, panels and lower dimensional 
cells have been simplicies. It turns out that chamber systems are particularly nice examples of 
simplicial complexes where the chambers are the maximal dimensional simplicies. Moreover 
in all the chamber systems arising in these lectures there is a correspondence between the lower 
dimensional simplicies and the residues. 

Recall that an abstract simplicial complex X with vertex set V is a collection of subsets of V 
such that 

(a), o € X and X C a X € X and (b). {v} G X for all v£V. 
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A a = {vo, . . . , Vk} is a /c-simplex of the simplicial complex X. The empty set is by convention 
the unique simplex of dimension —1. 

Now let A be a chamber system over / and let V be the set of residues of rank |/| — 1 (recall 
that there is only one residue of rank |/|, namely A itself). Then let be the simplicial complex 
with vertex set V such that if Rq, . . . ,R k are rank |/| — 1 residues then 

a = {R , . . . ,R k } is a ^-simplex of X A 44> f)Rj / 0. 

In other words, is the nerve of the covering of A by rank |/| — 1 residues. Take the empty 
intersection to be the union \J V /?,, and observe that the maximum dimension a simplex can have 
is |/| - 1. 

We illustrate with the Coxeter complex Aw of the Coxeter group (W,S) with the symbol 
shown below left. Some elements of W have been written down in a suggestive pattern, grouped 
into three rank 2 residues. The simplicial complex acquires a 2-simplex from these residues 
as any two intersect in a residue of rank 1 and all three intersect in a residue of rank 0. In fact 
Xw is the infinite tiling of the plane from Example [5} 




It would seem from this example that if Rq, . . . ,Rk are rank |/| — 1 residues over Jq,. . . ,J k with 
f]Ri ^ 0, then f]Rj (if it is non empty) is a residue over f]Ji. In fact this is always true for a 
Coxeter complex and indeed any building, although not for an arbitrary chamber system. As 
f]Ji has |/| — (k+ 1) elements, there is a one-one correspondence between the simplicies of X& 
and the residues of A : 



m 

codimension £ simplicies a = {Rq, ...,R m }-H residues P) Ri of rank £, 

i=0 

where m = \I\ — (I + 1). So for buildings the chambers of a chamber system A are the top 
dimensional simplicies of , with the lower dimensional simplicies given by the residues. 

We now have all the properties of chamber complexes that we need. We finish the lecture by 
defining a VK- valued metric on the Coxeter complex Aw- 

If (W, 5) is a Coxeter group and / = i\ i% . . . 4 with Sf = J,, Sj 2 . . . s, k , then there is a gallery 
g — >f g' in Aw exactly when g' = gsj in W. Call such a gallery minimal if there is no gallery in 
Aw from g to g' that passes through fewer chambers. Call an expression Sf = Si { st 2 . . . S{ k reduced 
if there is no expression for Sf involving fewer s's (counted with multiplicity). Thus a gallery 
g — >f g' is minimal if and only if the expression Sf is reduced. 

Define 5w '■ A w x A w — > W by 5w(g,g') = g~ l g'- Then 

Sw (g,g' ) = Sf g = gs f <^ there is a gallery g^fg. (8) 

Moreover, 5w(g,g') is reduced if and only if the gallery g — >y g' is minimal. A slight relaxation 
will define the metric on an arbitrary building. 
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We end with two examples, one of which is our running one: 



O O 

si s 2 



8w{g,g') = *2S\S2 (= SlS 2 Sl 




g =S2 




Sl S3 



3 2 1 3 

3 2 — 1 3 

Sw(g,g ) = s 2 s 3 s 2 sis 3 (= s 3 s 2 sis 3 si = etc 




Lecture 4: Buildings and Apartments 

Let (W, S) be a Coxeter group with 5 
A over / such that: 



{si}i e i. A building of type (W,S) is a chamber system 



(Bl). every panel of A contains at least two chambers; 

(B2). A has a W-valued metric 8 : A x A — > W such that if Sf = s (1 . . . Sj k is a reduced expression 
in W then 

8 (c, c) = Sf 43> there is a gallery c —>f c in A . 

Example 8 (Coxeter complexes). There is at least one building for every Coxeter group (W,S), 
namely the Coxeter complex Aw with 8 = Sw in ©, hence (B2). For (Bl) we observed in 
Example [7] that the panels in Aw have the form {g,gs} for g G W and s G S. Such a building, 
where each panel has the minimum possible number of chambers, is said to be thin. It turns out 
that the thin buildings are precisely the Coxeter complexes. 

There are quite naturally arising Coxeter groups for which the 
Coxeter complex is the only finite building. The group with symbol 
at right, the reflectional symmetries of a regular dodecahedron, is 
an example. 

Example 9 (an affine building). An affine building is a building 
where the Coxeter group (W, S) is an affine reflection group as in 
Example [3j Take this example, with S = {so^i} and Coxeter sym- 
bol O °° O . Let A be the chamber system over / = {0, 1} shown below - an infinite 3-valent 
tree. The edges are the chambers, and two chambers are 0-incident when they share a common 
black vertex and 1 -incident when they share a common white vertex. 





0- incident 

1 - incident 
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Each panel thus contains three chambers, hence (B 1). The Coxeter complex Aw is in Example 
|7] (also a tree). 

To define the W-metric on A recall that in a tree there is a unique path between edges 
without "backtracking": a backtrack is a path that crosses an edge and then immediately comes 
back across the edge again. For chambers c,d G A, match this unique path between c and d 
with the same path starting at 1 in Aw '■ 



unique path 




and define 8(c,c') to be the resulting g. To see (B2), let 8(c,d) = g € W and suppose that 
g = Sj l ... sj r Then by © there is a gallery in Aw from 1 to g and of type j\ ... je. As Aw is also 
a tree this gallery differs from the unique minimal one only by backtracks. First transfer this 
minimal gallery to A to get the minimal gallery from c to d, and then transfer the backtracks 
to obtain a gallery of type j\ ... ji from c to d . Conversely if there is a gallery from c to d 
of type jj ...je with sj { . . . sj e reduced, then in particular no two consecutive s's are the same 
and so the gallery has no backtracks. Thus it is the unique minimal gallery from c to d giving 
8(c,d) = Sj { . . .sj t by definition. 

In a Coxeter complex we have 8w(c,d) = Sj l . . .Si k if and only if there is a gallery of type 
ii ... 4 from c to d , but in an arbitrary building there is this extra condition that the word . . . Sj k 
be reduced. We can see why in the example above: if there is a gallery of type i\ ... from c to 
d with . . .Si k not reduced, then 8(c,d) need not necessarily be . ..Si t . For example, if we 
have three incident chambers as at right then there is a gallery of type 
1 from c to d with s\ reduced, hence 8(c,d) = s\. The non-reduced 
gallery c — hi d does not give 8(c,d) = s\S\, as siS\ = 1 ^ s\. 

Example [9] is our first of a thick building: one where every panel 
contains at least three chambers. "Thick" is generally taken to be syn- 
onymous with interesting. 

In the example of Lecture 1 (as well as Example [9]) we defined the 
IV-metric 8 by situating a pair of chambers c,d inside a copy of the 
Coxeter complex Aw and transferring the metric 8w defined in ©. We need to see that this 
process is well defined - although this is obvious in Example [9] - and that the resulting 8 
satisfies (B2). This leads to an alternative definition of building (Theorem [2] below) based on 
this idea of defining 8 locally. 

Let (A, 8) and (A 1 , 8') be buildings of type (W,S) andX C (A,8),Y C (A', 8') be subsets. A 
morphism a : X — > Y is an isometry when it preserves the VK-metrics: for all chambers c,d in X 
we have 8'(a(c),a(d)) = 8{c,d). A simple example is if go G W, then g h-> gog is an isometry 
Aw — ^ Aw ■ 

The following result guarantees the existence of copies of the Coxeter complex in a building: 

Theorem 1. Let A be a building of type (W, S) and X a subset of the Coxeter complex Aw- Then 
any isometry X — > A extends to an isometry Aw — > A. 

An apartment in a building A of type (W, S) is an isometric image of the Coxeter complex 
Aw, i.e. a subset of the form a (Aw) for a : Aw — > A some isometry. Apartments are the local 
pictures we saw in Lecture 1 . 
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We are particularly interested in the following two consequences of Theorem [TJ 

Any two chambers c, c lie in some apartment A. (9) 

(If 8(c,c') = g € W, then X = (l,g) C Aw h-> (c,c ; ) C A is an isometry. It extends by Theorem 
[T]to an isometry Aw — ► 4 and hence an apartment containing c,c'.) So the IV-metric on A can 
be recovered from the metric on the Coxeter complex; moreover, the metrics on overlapping 
Coxeter complexes agree on the overlaps: 

If chambers c, c' € A and c, c' € A' then there is an isometry A — > A' fixing A n A'. (10) 

(We leave this to the reader with the following hints: use the apartments to get an isometry 
A — >• A' fixing a chamber Co S A fiA; then show that every chamber in the intersection is fixed 
by showing that in an apartment there is a unique chamber a given W-distance from cq.) 

It turns out that any chamber system covered by sufficiently many Coxeter complexes in a 
sufficiently nice way so that Q and (fTOl) hold can be made into a building by patching together 
the local metrics on the Coxeter complexes ala Lecture 1. To formulate this properly we need 
to replace isometries by maps not involving metrics. This is done in the following exercise. 

Exercise. Let A , A' be chamber systems over the same set /. Show that (i). a : (A, 8) — > (A 1 , 5') 
is an isometry of buildings if and only if a : A — > A' an injective morphism of chamber systems, 
and (ii). a is a surjective isometry of buildings if and only if a an isomorphism of chamber 
systems. 

Theorem 2. Let (W,S) be a Coxeter group with S = and A a chamber system over I. 

Suppose A contains a collection {A a } of sub-chamber systems over I, called apartments, with 
each subsystem isomorphic (as a chamber system) to the Coxeter complex Aw- Suppose also 
that 

(i) . any two chambers c,c' of A are contained in some apartment A, and 

(ii) . if chambers c,c' & A a and € Ap, then there is an isomorphism A a — > Ap fixing A a n An. 

Define 8 : A x A —>W by 8(c,c') = 8w(oc(c),oc(c')) where a : Aw -^A is an isomorphism with 
c,c' € A. Then (A, 8) is a building of type (W,S). 

Example 10 (the flag complex of Lecture 1 revisited). The chamber system structure on the flag 
complex A of Lecture 1 was given there (and in Example [6l where we saw that A is thick). If 
L\,L2,Li are lines in V spanned by independent vectors, then we get a hexagonal configuration 
as in Lecture 1. Let the apartments be all the hexagons obtained in this way. If c = Vi C V% and 
d = V[ C V£ are chambers, then they can be situated in an apartment by extending V\ , V[ to a 
set L\ , L2 , L3 of independent lines. If V\ ^ V[, Vi ^ V 2 ' and V2 fl V 2 ' is a line different from V\ , V[ 
as for the c,c' of Lecture 1, then this extension is unique, so c,c' lie in a unique apartment. 
Otherwise (e.g. if V2 r\V 2 ' is one of V2 or V 2 ') there is some choice. In any case, if L\,L2,L^ and 
L\,L' 2 ,L' 3 are two such extensions corresponding to apartments A a ,Ap containing c,c', then any 
g G GL(V) with g(Li) = L'j induces an isomorphism A a — > Ap that fixes A a C\Ap. 

Lecture 5: Spherical Buildings 

So far our supply of thick buildings is a little disappointing: only the flag complex of Lecture 
1 and the affine building of Example [9] In this lecture we considerably increase the library by 
extracting a building from the structure of a reductive algebraic group. These guys really are the 
motivating examples of buildings. 
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<ei,e 3 ) 




(ei,C2> 




(e 2 ) 



Fig. 2. Apartment Aq 



Call a building of type (W,S) spherical when the Coxeter group (W,S) is spherical (i.e. 
finite). It turns out that there is a uniform construction of a large class of thick spherical build- 
ings. To motivate this we reconstruct the flag complex building A of Lecture 1 inside the general 
linear group G = GL(V) ^ GL 3 (k). 

First, let P C G be the subgroup of permutation matrices - those matrices with exactly one 
1 in each row and column and all other entries 0; alternatively, the a n = Y.j e ni,j, where % G ©3 
and eu is the 3x3 matrix with a 1 in the ij'-th position and 0's elsewhere. The map % 1-4 a n is 
an isomorphism 63 — > P with 



For the rest of the lecture we will blur the distinction between the symmetric group 63, the 

group of permutation matrices P, and the Coxeter group (W, S) with the symbol O O - 

Assume for the moment that: 

(Gl). The action of G on the flag complex A given by g : V\ C V2 i-> gV\ C gV 2 is by chamber 
system isomorphisms (hence via isometries by the Exercise of Lecture 4). 

(G2). Fix g G (W,S) and letX(g) = {(c,c') G A x A \ 8(c,c') = g}. Then for any g the diagonal 
action of G on X (g) is transitive (thus G acts transitively on the ordered pairs of chambers a 
fixed W-distance apart). 

(G3). Let Aq C A be the apartment given by the lines L, = (e,) with {ei,e2,e$} the usual basis 
for V, and cq the chamber (e\) C (e\,e2)- see Figure [2] Then P acts on Aq. Moreover, the 
isometry Ayy — > Ao, g i-> gco is equivariant with respect to the (W,5')-action g (-4 gog on the 
Coxeter complex zV an d the P-action on the apartment Ao (thus, the -action on Aw is 
the same as the P-action on Ao). 

These allow us to reconstruct the chambers, incidences and 63-metric: 

Reconstructing the chambers of A in G. For g £ G we have gco = cq with cq = (e\) C (e\ , e%), 
exactly when 



the subgroup of upper triangular matrices. It is easy to show that (G2) is equivalent to (G2a): 
the G-action on A is transitive on the chambers, and (G2b): for any g G (W,S) the action of the 
subgroup B is transitive on the chambers c such that 5(co,c) = g. 

Combining (G2a) with the fact that the chamber cq has stabilizer B, we get a 1-1 correspon- 
dence between the chambers of A and the left cosets G/B: 



/010\ /100 

si = (1,2) h+ 10 and s 2 = (2,3) H> 1 
\001/ \010 



) 



(11) 




chambers gco G A 
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cosets gB £G/B. 
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Reconstructing the i-incidences. Let C\,C2 G A be 1 -incident chambers: c\ = V\ C V2 and 
C2 = V[ C V2, and let c,- = g,co with the g,- G G. Then g^ l gi stabilizes the subspace (e\,e2), 
hence 



Exercise. For si the permutation matrix in (fTTT) . show that the subgroup of matrices in (fT2l is 
the disjoint union B(s\)B := B(JBs\B, where figfi = {ftgft' |ft,ft' G B} is a double coset. 

Returning to the incidences, if we are to replace the chambers ci,C2 by the cosets g\B,g2B, 
then we need to replace c\ ~i C2 by g^ l g2 G B{s\)B. Similarly 



Reconstructing the G^-metric 8. Let c\,C2 G A be chambers with c,- = g/crj. Suppose that 
8{c\ 1 C2) = g G As G is acting by isometries (Gl), we have 5(co,gj" 1 g2Co) = g- In the 

Coxeter complex Aw we have by © that 5^(1, g) = g, so that by (G3), 8(co,gco) = g also. Thus 
by (G2b) there is a b G B with (bco,bgco) = (ccgf 1 g2Co)> so in particular, ftgco = gf ^i^o- As 
the elements of G sending cq to Z?gco are precisely the coset bgB, we get g^" 1 g2 G &gB C BgB. 
Conversely, if g\ l g2 G BgB then 



for some ft G B, so that 

5(c ,ftgc ) = 8(bc ,bgc ) = 8(c Q ,gc ) = 5^(1, g) =g, 

(the first as B stabilizes Co, the second by (Gl) and the third by (G3)). We conclude that 

8 (ci, c 2 ) =g iff g^g 2 G BgB. 

Summarizing, let the left cosets G/B be a chamber system over / = {1,2} with incidence 
defined by g^B ~ ; g 2 B iff gj" 1 g 2 G B(si}B and 63-metric 8(giB,g 2 B) = g iff gf 1 g2 G BgB. 
Then G/B is a building of type O O, isomorphic to the flag complex of Lecture 1. 

Exercise. Show that the assumptions (G1)-(G3) hold (hint: for (G2) with 8(c\,C2) = 5(c',,c 2 ), 
situate c\,C2 in a hexagon as in Lecture 1 and c\,c' :> similarly. Then use the fact that GLj(k) acts 
transitively on ordered bases of V). 

We are feeling our way towards a class of groups in which we can mimic this reconstruction 
of the flag complex. It turns out to be convenient to formulate the class abstractly first, and then 
bring in the natural examples later. 

A Tits system or BN-pair for a group G is a pair of subgroups B and N of G satisfying the 
following axioms: 

(BNO). B and N generate G; 

(BN1). the subgroup T = BdN is normal in Af, and the quotient N/T is a Coxeter group (W,S) 
for some S = {s,-},- e ]; 

(BN2). for every g G W and s G S the product of double cosetg^ BsB ■ BgB C BgB \J BsgB; 



2 A g e W is not an element of G but a coset gT. As T C B, if g\T = g 2 T then Bg l B = Bg 2 B, so we can 
unambiguously write BgB to mean BgB for some representative in A' for g. 




(12) 



ci ~2 C2 exactly when the c,- = g,co with gj g2 G 




5(ci,c 2 ) = 8(gic ,g 2 c ) = 8(c ,g l l g 2 co) = 8(c ,bgb'c ) = 8(c ,bgc ) 
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(BN3). for every s E S we have sBs ^ B. 

The group W is called the Weyl group of G, and is in general not finite. 

Example 11. G = GL n {k); B = the upper triangular matrices in G; N = the monomial matrices 
in G (those having exactly one non-zero entry in each row and column), 



r = {diag(?i : 
and W = the permutation matrices with 

/I 



■v, ■ 



,t n )\h...t n ^0} 
\ 

1 



1 

1 



V 



i 



for i E {1 , . . . ,n — 1 } where there are i — 1 1 's on the diagonal before the 2x2 block. Let e\ be 
the 72-column vector (0, . . . , 1, . . . ,0) r with the 1 in the i-th position and L, = {/e; [ t E k}. Then 
N permutes the set of lines {L\ ,L n } and W is isomorphic to the symmetric group on this set 
(hence = & n ). This example is misleadingly special in that the extension 1— >T — >N — >W — > I 
splits, so that the Weyl group W can be realised, via the permutation matrices, as a subgroup of 
G. In general this doesn't happen. 

Theorem 3. Let G be a group with a BN-pair and let A be a chamber system over I with 
chambers the cosets G/B and incidence defined by g\B ~,- g2B iff g^ l g2 E B(sj)B. Define a W- 
metric by 8{g\B,g2B) = g € W iff g^ l gi E BgB. Then (A, 5) is a thick building of type (W,S). 

Example 12. G = the symplectic group Sp2 n {k) = {g E GL2 n {k) \g T Jg = J} where 



J 



I n 

-In 



with /„ the n x n identity matrix; B = the upper triangular matrices in Sp2 n (k);N = the monomial 
matrices in Sp2 n (k), and 



{diag(*i, 



t r 1 

i l ni l \ j • 



For 1 < i < n let e, be the 2n-column vector (0, . . . , 1 , . . . , 0) r with the 1 in the i-th position and 
?,•_„ similarly, for n + 1 < i < 2n. Let L,- = {tei \ t E k] and L,- = {/e, \ t Ek}, writing L = L. Then 
permutes the the set {L\ , . . . , L n , L\ , . . . , L n } and W is isomorphic to the "signed" permutations 

{X E & 2rl | 7t(Li 



6 



n{Li)}. 



Exercise. Let V be a 2«-dimensional space over k and (u,v) a symplectic form on V - a non- 
degenerate alternating bilinear forrrH. Let 0(V) be those linear maps preserving the form, i.e. 
0(V) = {g E GL(V) | (g(u),g(v)) = (w,v) for all u,v E V}. The form can be defined on a basis 
{ei,...,e n ,ei,...,e n } by 

(ei,ej) = = (ei,e~j) and (e u ej) = 5, 7 = -(ej,e { ), 

so that 0(V) = Sp2n{k). Call a subspace U C\V totally isotropic if (u,v) = for all u,v E U. It 
turns out that the maximal totally isotropic subspaces are ^-dimensional. A (maximal) flag in V 



Alternating means (w, u) = for all u, and non-degenerate that V 1 - = {0} 
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Fig. 3. The spherical building of the symplectic group Sp4(F2) and apartment Aq. 



is a sequence of totally isotropic subspaces Vi C • • • C V„ with dim V,- = i. Let A be the chamber 
system with chambers these flags and incidences over / = {1, ...,«} as in the flag complex of 
Example (Vi C ••• C V„) ~ ; - (V/ C • • • C V„') when Vj = Vj for ; ^ i. Let c be the chamber 

{e\) C {e\,e 2 ) C ••• C {ei,e 2 ,...,e„) 

and Aq the set of images of cq under the signed permutations &±„ = {n € 6 2n I ^(^) = ft( e i)} 
(writing e = e). Finally, let {A a } be the set of images of Aq under Sp2n(k). Show that with this 
set of apartments A is a building isomorphic to the spherical building of Sp 2n {k) arising from 
Theorem [3] and Example [12] 

We finish where we started by drawing a picture. Let V be 4-dimensional over the field of or- 
der 2 and equipped with symplectic form (w, v). Let A be the graph with vertices the proper non- 
trivial totally isotropic subspaces of V, with an edge connecting the (white) 1 -dimensional ver- 
tex Vi to the (black) 2-dimensional vertex Vj whenever V is a subspace of Vj. Any 1 -dimensional 
subspace (of which there are fifteen) is totally isotropic, and is contained in three 2-dimensional 
totally isotropic subspaces, each of which in turn contains three 1 -dimensional subspaces. There 
are thus fifteen 2-dimensional vertices. The local pictures/apartments are octagons (or barycen- 
trically subdivided diamonds). The apartment Ao of the Exercise above has white vertices 
L\,La : Li,La, using the notation of Example [T2l and black vertices L\ +L 2 ,L\ +L 2 ,L\ +L 2 
and L\ +L 2 . See Figure [3] 

Remark. Examples [TT1 and [121 are of groups contained in classical groups of matrices. This can 
be generalized. Let k = k be algebraically closed and G a connected algebraic group defined 
over k. Suppose also that G is reductive, i.e. that its unipotent radical is trivial. Let B be a 
Borel subgroup (a maximal closed connected soluble subgroup) and T C B a maximal torus - 
a subgroup isomorphic to (k x ) m for some m. Finally, let W = N/T be the Weyl group of G, 
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where N is the normalizer in G of T. This is isomorphic to a. finite Coxeter group (W,S) with 
S = {si}i & i. The result is a BN-pak for G. For a general non-algebraically closed k a fijty-pair 
can still be extracted from G, but one has to tread more carefully. 

Notes and References 

Lecture 1. This is mostly folklore. The reader is to be minded of projective geometry as A is 
the incidence graph of the standard projective plane over k. The ad-hoc argument (essentially 
the Jordan-Holder Theorem) for associating the permutation (1,3) to the pair of chambers is 
from HAB081 §4.3] . 

Lecture 2. Standard references on reflection groups and Coxeter groups are IIBou021 (still the 
only place you can find some things), [Hum90] and [KanOl]. The definition of reflection in 
£0) is from [Bou02, V.2.2]. That 'K consists of all the reflecting hyperplanes of W (the claim 
at the end of the Exercise) is |Hum90, Proposition 1.14]. The general theory of finite reflection 
groups, including their classification, is to be found in Chapters 1 and 2 of [Hum90]. Example[3l 
although fairly standard, is taken from [AB08, 2.2.2]. The general theory of affine groups is in 
llHum90[ Chapter 4]. For the hyperboloid or Minkowski model of hyperbolic space, hyperbolic 
lines, etc, see BRat06[ Chapter 3]. The standard reference on hyperbolic reflection groups is 
[Vin85|. The treatment of chambers, panels and adjacency is taken from | AB08, 1.1.4]. That 
W acts regularly on the chambers is MHum90l Theorem 1.12]. Fact 1 is MHum90I Theorem 1.5] 
and Fact 2 is [Hum90, Theorem 1.9]. Coxeter groups as a notion are generally attributed to 
Tits, and while I'm not 100% sure, they probably first appeared in the original 1968 edition of 
MBou02[ IV. 1]; a good place to start is [Hum90, Chapter 5]. The name is a homage to HCox35ll . 
The representation (W,S) — > GL(V) described in the final remark is called the geometric or 
reflectional or Tits representation. It is defined in [Hum90l 5.3] and faithfulness is MHum90[ 
Corollary 5.4] or [AB08, Theorem 2.59] , where it is shown that the image of (W,S) is discrete. 

Lecture 3. Apart from the aside, this lecture is based mainly on Chapters 1-2 of BRon091l : 
the initial chamber system notions and Example [6] are directly from [Ron09, §1.1]. Chapter 2 
of this book is entirely devoted to Coxeter complexes. A thorough exploration of the general 
connections between chambers systems and simplicial complexes is given in ILAB081 Appendix 
A]. The building specific set-up is in IAB08, §5.6]. The construction of the simplicial complex 
Xa as the nerve of the covering by rank |/| — 1 residues is [AB08, Exercise 5.98]. The statement 
about the intersection of residues being a residue is [AB08, Exercise 5.32]. 

Lecture 4. This lecture is almost entirely based on Chapter 3 of [Ron09] from which the def- 
inition of building is taken. That the Coxeter complexes comprise the thin buildings is from 
MRon091 §3.2]. A theorem of Walter Feit and Graham Higman [FH64] has consequence that 
a finite thick building has type (W, S) a finite reflection group where each irreducible compo- 
nent of W is of type A ni B n /C n ,D n ,E(,,E7,Eg,F4,G2 or ^2(8) (see HAB081 Theorem 6.94]; see 
IIHum901 Chapter 2] for a description of these types of finite reflection group). Hence the state- 
ment about the symmetry group of the dodecahedron, for which (W,S) has type Hj. Example 
[9] is a special case of a construction that extracts a BN -pair, and hence an affine building, from 
an algebraic group defined over a field with a discrete valuation. Example [9] is thus the affine 
building for SL2Q2 with Q2 the 2-adics. The fact that for any prime p the affine building for 
SL2Q.P is a tree was used by Serre to reprove a theorem of Ihara that a torsion free lattice in 
SLzQp is a free group [Ser03 ( II 1.1]. For affine buildings in general see the book of Weiss 
[Wei09|. Theorem[T]is [Ron09, Theorem 3.6] and Theorem[2]is [Ron09, Theorem 3.11]. 
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Lecture 5. This lecture is based on [Ron09, Chapter 5]. Properties (G1)-(G3) are the spe- 
cialization to GLt, of a strongly transitive group action MRon091 §5.1]. The argument that re- 
constructs the W-metric is taken from the proof of |Ron09 ( Theorem 5.2]. The axioms for a 
BA-pair are from [Ron09 ( §5.1]. A proof that Example [TT] is a BA-pair using nothing but row 
and column operations can be found in [AB08, §6.5]. Theorem[3]is [Ron09 ( Theorem 5.3]. The 
source is BTit74L The flag complex of a symplectic space exercise is from [Ron09, Chapter 1]. 
Figure [3] has several names: in graph theory circles it is called Tutte's eight-cage, and is the 
unique smallest cubic graph with girth 8 (where these minimal 8-circuits are, of course, the 
apartments). It is a pleasantly mindless exercise to label the vertices of the Figure with the to- 
tally isotropic subspaces (hint: start with the 8-circuit at the top as the apartment Aq). That the 
B (Borel subgroup) and N (normalizer of a maximal torus) extracted from a reductive group G 
are a BN-pair for G is shown in [Hum75, §29.1]. 



[AB08] Peter Abramenko and Kenneth S. Brown, Buildings, Graduate Texts in Mathematics, vol. 248, Springer, 

New York, 2008. Theory and applications. 
[Bor91] Armand Borel, Linear algebraic groups, 2nd ed., Graduate Texts in Mathematics, vol. 126, Springer- 

Verlag, New York, 1991. 

[Bou02] Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4-6, Elements of Mathematics (Berlin), 

Springer- Verlag, Berlin, 2002. Translated from the 1968 French original by Andrew Pressley. 
[Cox35] H. S. M. Coxeter, The complete enumeration of finite groups of the form Rf = (RiRi ( ) k '' = 1, J. London 

Math. Soc. 10(1935), 21-25. 
[FH64] Walter Feit and Graham Higman, The nonexistence of certain generalized polygons, J. Algebra 1 (1964), 
114-131. MR0170955 (30 #1189) 
[Hum90] James E. Humphreys, Reflection groups and Coxeter groups, Cambridge Studies in Advanced Mathemat- 
ics, vol. 29, Cambridge University Press, Cambridge, 1990. 

[Hum75] , Linear algebraic groups, Springer- Verlag, New York, 1975. Graduate Texts in Mathematics, No. 

21. 

[KanOl] Richard Kane, Reflection groups and invariant theory, CMS Books in Mathematics/Ouvrages de 

Mathematiques de la SMC, 5, Springer- Verlag, New York, 2001. 
[Rat06] John G Ratcliffe, Foundations of hyperbolic manifolds, Graduate Texts in Mathematics, vol. 149, Springer, 

New York, 2006. Second Edition. 
[Ron09] Mark Ronan, Lectures on buildings, University of Chicago Press, Chicago, IL, 2009. Updated and revised. 
[Ser03] Jean-Pierre Serre, Trees, Springer Monographs in Mathematics, Springer- Verlag, Berlin, 2003. Translated 

from the French original by John Stillwell; Corrected 2nd printing of the 1980 English translation. 
[Spr98] T. A. Springer, Linear algebraic groups, 2nd ed., Progress in Mathematics, vol. 9, Birkhauser Boston Inc., 
Boston, MA, 1998. 

[Tit74] Jacques Tits, Buildings of spherical type and finite BN-pairs, Lecture Notes in Mathematics, Vol. 386, 

Springer- Verlag, Berlin, 1974. MR0470099 (57 #9866) 
[Vin85] E. B. Vinberg, Hyperbolic groups of reflections, Uspekhi Mat. Nauk 40 (1985), no. 1(241), 29-66, 255 

(Russian). MR783604 (86m:53059) 
[Wei09] Richard M. Weiss, The structure of affine buildings, Annals of Mathematics Studies, vol. 168, Princeton 

University Press, Princeton, NJ, 2009. MR2468338 (2009m:51022) 
[Wei03] , The structure of spherical buildings, Princeton University Press, Princeton, NJ, 2003. 

MR2034361 (2005b:51027) 



